IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

A new approach to the calculation of thermodynamics and structure for classical one-

dimensional systems with pairwise additive potentials in an external field

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
1987 J. Phys. A: Math. Gen. 20 651
(http://iopscience.iop.org/0305-4470/20/3/028)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 129.252.86.83
The article was downloaded on 31/05/2010 at 17:15

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/20/3
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

J. Phys. A: Math. Gen. 20 (1987) 651-667. Printed in the UK

A new approach to the calculation of thermodynamics and
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Abstract. A new approximation scheme has been derived for classical statistical mechanics
of one-dimensional systems with pairwise additive potentials in an external field. It enables
both the thermodynamic functions and the static correlation functions to be obtained. The
analysis depends on combining the recurrence relation of Baxter with an extension of the
analysis of functional differential equations started by Volterra.

1. Introduction

There have been many one-dimensional models in classical statistical mechanics from
which exact results for the correlation functions and thermodynamic properties have
been obtained. By this [ mean results which give a practical procedure for the numerical
evaluation of these properties. For a review of much of this work for the uniform
case, i.e. in the absence of an external field, see the first chapter of Lieb and Mattis
[1]. Alot of work has also been done on non-uniform fluids, much of which has been
summarised by Percus [2]. This includes the rigorous treatment of the ideal gas and
the gas of hard rods in an external field.

In this work I have been trying to use the idea Baxter first put forward [3] which
is to derive a recurrence relation for the configuration integrals by differentiating them
with respect to the length of the system, combined with an extension of the work on
functionals and functional differential equations which has been compiled by Volterra
[4], to proceed as far as possible with the exact analysis of the class of systems for
which Baxter’s recurrence relation holds, namely one-dimensional systems with a
pairwise additive potential and an external field. To this end I have had partial success
in that I have had to make one approximation but the theory is otherwise exact and
general. It is also encouraging to find that the resulting approximation scheme for the
uniform fluid is simple to use but a systematic study of the accuracy of the method
by comparing it with other approximations and with Monte Carlo calculations remains
to be done.

The arrangement of this paper is as follows. In § 2 the definitions and notation are
briefly stated and an expression for the pressure is obtained from a grand canonical
average and it is indicated how all the thermodynamic functions can be obtained from
this. In § 3 a general argument is used, which is essentially equivalent to the one given
by Baxter, to derive an equation for the grand partition function. The criterion that
any approximation to this gives the correct pressure follows easily. One approximation
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is suggested for which a plausible argument suggested that it might give correct results
in the thermodynamic limit but it turned out to be false. However the fact that this
approximation, a functional differential equation (FDE), turned out to have a remark-
ably simple solution and that other approximations could lead to other FpE led me to
investigate in § 4 the general treatment of FDE of the first order. A subset of these is
identified which has a particularly simple solution which is developed in detail in § 5.
In § 6 a special case of this is used to solve the approximation mentioned above and
equations are derived from this for calculating the pressure and the correlation functions
n, and n,. Further simplifications arise from assumptions made about the behaviour
of these functions in the thermodynamic limit. This results in simple expressions for
the pressure and the radial distribution function. Finally in § 7 some concluding
remarks are given.

2. Definitions including a general expression for the pressure

The grand partition function for the one-dimensional classical gas is

_ o 1 e x L L 1
==Y —J' dp,... J dpn J dL,... J' dLNh—Nexp[B(N/.L—HN)] (2.1)
b —ac —x [} 0
where the system has length L with the N-particle Hamiltonian Hy, the chemical
potential u and h is Planck’s constant. Also the standard notation 8 =1/kgT is used
with T the absolute temperature and kg is Boltzmann’s constant. Assume that

N p?
HN = z 2p'

—+ VN(LI"'LN) (2.2)
i=1 M

where Vy is symmetric and p; and L, are respectively the momentum and position of
particle i and m is the mass of the particles. Then it follows that

(py=m/B (2.3)

in general and integration over momenta gives

© N L L
== ﬁJ‘ dL,... J ALy exp[—BVa(L,...Ly)] (2.4)
N=0 * JO 0
where z is the fugacity given by
2mem\ "2
() as

The grand canonical average of a function g(N, L, ... Ly, x) is

x SN L L
Zoﬁjj dLl-”J- dLyg(N,L,...Ly,x)exp[-BVn(L,... L))
" [}

N= 0

i} —

(8)Gce=
(2.6)

In order to calculate the pressure P, i.e. the force on the right-hand wall, it is convenient
to avoid the singularity by replacing V5 by Vy, which contains terms which describe
the interaction of the particles with the wall at x = L. This will typically be a short-
ranged repulsive potential but it is not necessary to specify it explicitly. Finally the
limit will be taken in which this extra potential goes to zero, the hard wall case, and
the original potential is recovered.



Classical one-dimensional systems in an external field 653

Let Vi (L,...Ly)=o except when O0<L,<L for all i and in particular
Vwi(L, Ly ... Ly)=0c(exp(—BVyy) is continuous). Vy, is also symmetric with respect
to any exchanges of its arguments. In the hard wall limit

VL, ... Ly)=> V(L ... LN) ifO<L,<LVi
-0 otherwise.
Then
3 | N t 3
—InE{Vnl== Z A j’ dL, ... J dLy expl—BVa(L,...Ly)] -8B VNL\LI..,LN
3L = N=0 0 0 oL

= B{force on wall) 5. .
Then in the hard wall limit
(6/0L) In==BP. (2.7)

This is the exact expression for the pressure of the finite one-dimensional system
in the grand canonical ensemble. The result usually quoted in the textbooks is the
zero field case [5] in three dimensions or the asymptotic result P~In Z/8V [6] in the
limit V - oo (assumed to be independent of the shape). In this work only pair potentials
and an external field are involved, i.e.

Va(Li Ly)= ¥ VelL)+ ¥ % (L~ L) (28)

i=1li=1

where Vg is the external field and ¢ is the pair potential. Using the notation

u=pRe and z(x)=z exp(—BVe(x)) (2.9)
the grand partition function can be written as
« L Ly ., N
E=) J dL, .. J dLy T} z(Lk) exp(— Y u(L,-—Lj)), (2.10)
N=0Jo 0 k=1 I<i<ysN

3. General relations for the grand partition function and the first-order approximation

To find the pressure at some intermediate point x, for 0 <x; < L the system should be
replaced by one with the same values of 8 and z(x) for 0<x < x, and zero outside
this range. The system is then confined to the interval 0 <x < x, and then the same
calculation gives P(x,).

The pressure P(x = L) is defined by these equations in terms of 8 and z(x). In
order to recover a sensible macroscopic limit L -» o0, z(x) should be scaled with L such
that z, (x) = z*(x/ L) with z*(x) being kept fixed. This is expected to give P(x) with
the same scaling property, i.e. P.(x)= P*(x/L) where P, (x) is the pressure P(x) for
the system of length L. Under these conditions local thermodynamics is expected to
be valid [2]. In this work I shall not consider this point any further since my main
interest here is to study the uniform case using the external field as a mathematical
tool for deriving the necessary equations and then setting the field to zero afterwards.

For a uniform system z;(x) = z, the fugacity. This can be inverted in principle to
give z(B, P) or u(B, P); however, u may not be unique in which case the smallest
value must be chosen to represent the stable thermodynamic state; other values would
correspond to metastable or unstable states. As explained by Callen [7] all other
thermodynamic functions can be obtained from this relation.
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From (2.10) it is straightforward to show that
221, 200} = 2(LIE(L, 2(3) expl-u(L =)} (3.1)

or expressed in terms of F=InZE

aF{L, z(x)}

1 =z(LYexp[ F{L, z(x) exp[-u(L—-x)]} - F{L, z(x)}}. (3.2)

This, together with the initial condition F{0,z(x)}=0, completely determines
F{L, z(x)}. Equations (3.1) and (3.2) are equivalent to the general relation given by
Baxter [3] which was used in his treatment of the case when u(x)= o exp(—yx) with
and without a hard core. For an argument to show that Baxter’s equation, together
with the initial condition, is necessary and sufficient to determine the grand partition
function see [8, last section]. Applying the thermodynamic limit to (3.2) using (2.7)
gives

1
P=1lim ‘B‘Z(L) exp[ F{L, z(x) exp[—u(L—x)1} - F{L, z(x)}]. (3.3)
L=
Writing the argument of the exponential as AF(L) suppose AF(L) is replaced by an
approximation G(L) such that
lim AF(L)=lim G(L) (3.4)

Lox L
then (3.2) can be approximated by

oF{L, z(x)}

oL =z(L)exp[G(L)] (3.5

but

1
P=lim —z(L) exp[G(L)]

Lo B
exactly. Hence it appears that a reasonable approach to calculating P is to find a
suitable expression G(L) such that (3.4) holds and (3.5) can be solved. Although I
have not succeeded in doing this a reasonable first attempt is to replace AF(L) by the
first-order term in its functional Taylor expansion about F{L, z(x)} which is
}'L SF{L, z(x)}

ds

, 5205) z(s)f(L—s)

where f(x) =exp[—u(x)]—1 is the Mayer function.

4. The general theory of non-linear first-order FpDE

The resulting functional differential equation (FDE) is a member of a large class which
have a simple solution. Since, to my knowledge, this material has not been published
elsewhere I would like to develop in this section the basic technique for solving these
equations and in the next section the solution which can be found in a class of equations
of this type. The method is obtained by applying Volterra’s method of analysis described



Classical one-dimensional systems in an external field 655

as ‘that of passing from the finite to the infinite’ [4] to the theory of non-linear partial
differential equations (pDE) with N independent variables [9]. Let F be a functional
of z(x) and a function of Le R* where z(x): R™ = R" and R is the set {x: 0 < x < o0}.
Define the functional derivative

SF{L z(y)} .. & 3
5200) —lrl—lir;as F{L, z(y)+ &8(y — x)}. (4.1)

It will also be convenient to write
z(x) x<L
F _
{ 0 x>L} as F{z(x)8(L - x)}.

Then clearly
8 oF{L,z(x)} 9 SF{L, z(x)}

4.2
8z(x) 3L oL  b8z(x) (4.2)
and
dF{L, z;(x)} 9F{L, z(x)} J’“’ 8F{L,z/(x)} d
= +| dx————— — 43
dr 5L o Y e ar™ (43)
which is an application of the chain rule.
I shall consider here only first-order FDE. The general fo- s
aF{L, z(x)} { 8F }
— F,—— 4.4
oL GY L, z(x), > 52(x) (4.4)

where G is a functional of z(x) and 8F/8z(x) and is an ordinary function of L and F.

In order to find the solution F{L, z(x)} of (4.4) satisfying a suitable boundary
condition the first step is to derive the equations for the characteristic strips which
correspond to equation (2) on p 97 of [9]. These are equations (4.8), (4.9), (4.14) and
(4.15) below. However the reader may assume the validity of these equations and
follow the rest of the argument which shows how the required solution is constructed
from the solutions of these equations and the initial conditions.

The characteristic strips of (4.4) are specified by giving z(x), F,3F /4L and 8F/8z(x)
as functions of L and z,(x). zo(x) is constant for each strip and plays the role of
ty...t,_, of [9].

I shall use the following notation:

A(L, x) = z;(x) = z(x){L, zo(x)} (zo(x) =2z, (%)| L =0)

_SOF{L, z;(x)} 8F*{L, zo(x)}
- oz(x) a 8z(x)

F(L)=F{L, z;(x)} = F*{L, zo(x)}

K(L)= aF{L;zL(x)} _ aF*{g,LzO(x)}'

B(L, x)

= 1(x)}{L, z;(x)}
(4.5)

It should be clear that this derivative is to be taken at constant z(x) rather than at
constant zy(x).

The condition needed to specify the characteristics is that the FDE involves no
derivatives exterior to the characteristics when expressed in terms of L and z,(x).
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Eliminating 8 F{L, z;(x)}/dL from (4.3) and (4.4) gives

J‘”dxtSF{L z(x)} d

. 5z(x) d zi(x )__F{L z.(x)}

(4.6)

n G{L, 2, (x), F{L, zL(x)},M} =

8z(x)
This equation is a relation involving L, z,(x), F, dF/dL,(d/dL)z.(x) and 8F/8z(x).
The requirement that this equation involves only the first five terms is equivalent to
requiring that the operator

8
8(8F{L, z.(x)}/ 8z(x))
taken with these quantities constant, applied to (4.6) gives zero, i.e.
dz; (x) + 8G{L, z,(x), F, t(x)}

il 51(x) =0. (4.7)
Equation (4.3) gives
dI;—(LLZ=K(L)-FJ‘OCde(L,x)g-A(FLL’i). (4.8)
Equation (4.7) can be written as
dA(L,x)  8G{L, zi(x), F, t(x)} (4.9)
dL 5t(x) '
Apply the identity (4.3) to aF{L, z,(x)}/oL gives
d (8F{L, z,(x)}\ _°F{L, z;(x)} J”‘ (BF{L zL(x)}>
dL( oL ) == T, %\ s Jart™ (4.10)
and apply (4.3) to 8F{L, z;(x)}/8z(x) gives
d SF{L, z;(x)}\ _ ¢ (8F{L, ZL(X)}) Jx 8°F{L, z;(x)} dz,(x))
dL( 6z(x) ) —aL( 8z(x) * 0 dx, 8z(x)éz(x,) dL (4.11)

Equation (4.4) may now be regarded as an identity once the correct form for F has
been found. Applying 3/dL gives

2 o
3 F{L,Zz(x)}=§+§(_}£+‘[ 8G 3 (aF{L, z(x)}) 412)
oL oL 3F sL ), 5t(x) aL 8z(x)
and applying §/8z(x) gives
8§ OF{L,z(x)} &G +8_G_ SF{L, z(x)} J’” 8G (62F{L, z(x)}) (413)
8z(x) oL T 8z(x) 9F  8z(x) o Sﬁt(s) 8z(x) 8z(s) )

Elimirating 3°F/oL’ between (4.10) and (4.12), with z(x) replaced by z,(x), gives,

with (4.5),
dK(L) 3G aG r 8G a(éF{L,z,_(x)}>
=— +—= K(Ly+{| d ——
aL oLl.., Tkl KB enol i\ aw

= 8 (oF{L,z.(x)}
+L dxaz(x)( 5L ) 2(x).
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Because of (4.7) this simplifies to

dK(L)=§£; +a—g K(L). (4.14)
dL aL z=zp oF z=2z;
Eliminating
_a_(BF{L, z(x)})
oL 6z(x)
from (4.11) and (4.13) evaluated at z = z; gives, using (4.5),
dB(L,x)= 8G +§_§ B(L, x)
dL 8z(x)|,-,, oF]),-

+J~x 5G 8°F{L, zL(x)}+r ?fiBZL_(")}—d—zL(s).

0 dSSt(s) 8z(x) 6z(s) 0 s 8z(x) 6z(s) dL

Again, because of (4.7) this becomes

dB(L,x) &G 3G
- = B(L x). 4.15
dL 82l TeF). B (413)
The required equations for the four functions in (4.5) are (4.8), (4.9), (4.14) and (4.15).
Suppose the initial conditions for F are given on an initial manifold { L, z(x)} as follows:

F=R{z(x)} L=0 z(x) = z4(x). (4.16)
Then from (3.5)

8F{0. 2(0)} _ 5R{Zo(x)}}
oL dzo(x) J

To verify the strip equations it is only necessary to show that (d/dL)(6F/3L—-G)=0
for every strip. This calculation is a straightforward application of the chain rule
provided one remembers that z(x), §F/8z(x), F,3F/aL are to be regarded as indepen-
dent variables, each of which is a function of L. Since the initial conditions for every
strip at L =0 are chosen to satisfy {4.4) it follows that (4.4) is satisfied identically by
the solutions of the strip equation. To obtain F{L, z(x)} as required it is only necessary
to eliminate zy(x) in favour of z(x) in the expression for F{L, z(x)}. Before proceeding
to the special case I want to consider I shall need two lemmas which are quite
straightforward to prove; the first is well known [4].
Let f*™(x;...xy) be a symmetric function of its N arguments, i.e.

N N
f( )(xl . XN)';f( )(xp(l) . "xp(N))

where p is any permutation of the indices 1,..., N. Then by using the definition (4.1)
and exploiting the symmetry it is easy to show that

{0, zo(x), R{zo(x)}, (417)

N

$ ac x, xn_, .
5w(x)J dxlj dx2-~-L dxy H W(xi)fm)(xl...xN)

o] 0 i=1

0 0

o« Xy Xn-: N-t
=J dx, J dxz...J. dxn_y [T wlx)f ™ (x ... xno1y X). (4.18)
0 i=1

The general form of a functional Maclaurin expansion of a functional is

H{w(x)}= ﬁ_oj dx, J dxz...J’xw dxn [T W )f 9 (xy . ). (4.19)

0 0 0 i=1
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By using the above result it follows that

izl 5 J dmr de dxner TT WO Cxy e ). (420)

Sw(t) N=1 0

Hence
J’ dr W(I)SH{w;);?(BI()t—x)}

8

Il

Z J dtw(t)J‘ deJ ldxz...J N‘de,\,_l
= Q0 4]

X H w(x)f O (x .. Xnois )

1l

o L L Ly N
Y J dL,J, sz...J dLy [T w(L)fS (L, ... Lx)
0 ) 0

N=1 i=1
= H{w(x)8(L-x)}-f'". (4.21)
By replacing H{w(y)} by SM{w(y)}/éw(x) (4.21) can be written as

JL (t)azM{w(x)e(t—x)}_aM{w(x)e(L—x)}_ 0
Sw(t) sw(x) dw(x) "

(4.22)

A term in M of the form
J' dxl“’(ﬁ)ﬁl\il’(%)
0

gives a term fi/(x) in H which is identified with f%’. Hence if M is a functional of
the form

M{w(x)}= sz J’x dx, J‘XI dx,... J’x‘Nl dxn ﬁ w) i (.. xn).

0 0 0 i=1

Then £ =0 in (4.22).

5. A more explicit solution of a class of FDE

Returning to the main argument I now consider the case when
6H{w(x)}}
G=z(1 2V
z(L) exp{ sw(L)

where w(x) = z(x)t(x). First one has to write down the derivatives of G with respect
to L, F, z(x) and t(x):

9G _

oF

ﬁzdz(x) o {6H{w(x)}}+z(L) ox {SH{w(x)}} <6H{w(x)}>
oL dx ooy Pl sw(D) sw(L) J oL\ ow(L)
3G SH{w(x)} 8 H{w(x)}

St(x)_z(L)exP{ sw(L) }z( ) aw(L) owl(x)

8G =5(L"x)CXP{M}+Z(L)exp{6H{W(x)}} 52H{w(x)}

ow(L) sw(L) | owin)ow(L) )
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Equations (4.9), (4.14) and (4.15) can be written as follows using (4.5):

%‘S—LL’LE—A(L,L>E(L>X<L,x>A<L,x> (5.1)
dK(L) dA(L, x) a(&H{w(x)}>
= _y 5-2
dL ax | FrAlL DEWLTH =50 . (5:2)
@—fj—LLﬂ=a(L—x)E(L)+A(L,L)E(L)B(L,x)X(L,x) (5.3)
where
_ aH{w(x)}H
E(L)——exp{ Swil) . (5.4)
and
8 H{w(x)}
X(L, x)= (5.5)

T swix) w(L)|...

This set of equations together with (4.8) will now be solved with the initial conditions
F{0, z(x)}=0.
Equation (5.1) gives (d/dL)In A(L, x)=—-A(L, L)E(L)X (L, x). Hence

L

A(L, x) = A(0, x) exp(—J

0

'dsA(s,s)E(s)X(s,x)) (5.6)

Similarly (5.3) with B(0, x) =0 gives B(L,x)=0 for L<x and B(x”,x)~B(x",x)=
E{x)so B(x",x)=FE(x) and for L>x
din B(L, x)

m =A(L LYE(L)X(L, x).

Hence
1

B(L, x)=E(x) exp(J .ds A(s, s)E(s)X (s, x)) (5.7)

X

X

A(L, x)B(L, x)= E(x)A(0, x) exp(—J

0

dsA(s,s)E(s)X(s,x))

if x << L and zero otherwise. Set x =L —¢ and define g(L)= A(L, L) then

L

g(L)=A(0, L) exp(—J'

dsg(s)E(s)X (s, L)). (5.8)
a3
A and X are here assumed to be continuous functions of both their arguments. Hence
A(L, x)B(L,x)=E(x)g(x) ifx< L
=0 otherwise

and it follows that

E(L)= exp{6H{E(x)g(x)6(L—x)}}

dw(lL)
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and

_S?H{E(x)g(x)8(L —x)}
X(L,x)= w(s) ow(L)

Using the identity (4.22) gives
L
J ds E(s)g(s)X(s,L)y=1In E(L).
QO

Combining this with (5.8) gives A(0, L)=g(L)E(L); hence

A(L, x)B(L, x)= A{0, x) ifx<lL
=0 otherwise. (5.9)
Using (4.22) again gives
‘LdsE(S)g(s)azH{E(x)g(x)o(s—x)}zaH{Emg(x)e(L—x)}.
Jo dw(s) Sw(x) Sw(x)

The LHs of this is

(L

ds E(s)g(s)X (s, x).

v 0

Hence (5.6) can be written as

A(L, x) = A(0, x) exp{_sH{A(gv’vz‘if““")}}. (5.10)
Combining (5.9) with (5.10) gives

B(L,x)=exp{5H{A(0’X)G(L—x)}} ifx<L (5.11)

Sw(x)
=0 otherwise
and from above
_ SH{A(0, x)8(L—x)}
E(L) —exp{ (L) } (5.12)

The next steps are to use (5.10), (5.11) and (5.12) to evaluate (5.2) to obtain K(L)

and finally to use (4.8) to evaluate F(L). From (4.16) itis easy toshow that dK(L)/dL =

dA(0, L)/dL. The initial condition is

SH{A(0, x)O(L—x)}}
Sw(l)

Hence K(L)=A(0, L) (5.13) and from (4.8) since F(0)=0

K(0)=z(L) exp{ = A(0, 0). (5.13)

L=0

L s 2 _
F(L) =J ds A(0, s)<1 —J dx A(0, x) L HIAD, )6(s ")}) (5.14)
0 0 Swix) dw(s)
Combining (5.10) with (5.14) gives the required solution, i.e. the solution of
OF{L, z(x)} _ (6H{w<x>})
3L =z(L)exp wil) (5.15)
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with
_ SF{L, z(x)}

w(x) 8z(x)

z(x) (5.16)

and the initial condition F{0, z(x)} =0 can be written as

L ! 62H{h(x)0(t—x)})
= - 5.17
F{L, z(x)} L dth(t)(l L ds h(s) Sh(1) Sh(S) (5.17)
where h(x) is given by
_ —8H{h(x)6(L—x)}
z(x) = h{x) exp( Sh(x) > forQ<x< L. (5.18)

6. Equations for the correlation functions n, and n, in general and the translation
invariant case

If H{z(x)} is chosen to be

Jx dt JN dsz(t)z(s)f(t—s)

0 0

then the above result reduces to the following. The solution of

JF{L, z(x)} * OF{L, z(x)} .
——aL———z(L)exp(L dx z(x) 52(x) f(L x)) (6.1)

with F{0, z(x)}=0is

F{L, z(x)}=J dth(t)(l—J-,dsh(s)f(t—s)> (6.2)
0 0

where h(x) is given by

L

z(x) = h(x) exp(—j-

0

dth(t)f(x—l)). (6.3)

Hence equations (6.2) and (6.3) provide an approximate expression for F{L, z(x)} as
defined in equation (3.2). It is possible to obtain from this not only the thermodynamic
functions, as described above, but also all the correlation functions for the system in
equilibrium as was pointed out by Percus [10] among others. Probably the easiest way
to do this is to define the k-particle distribution functions excluding coincidences by

N N

Xy ... X)) = < Y Y. ﬁ 8(L; —xj)> indices unequal. (6.4)
i=1

n=1 o iv=1j
Then by repeated functional differentiation of (2.10) one obtains
SE{L, 2(x)}

e L L, Ly,
5z(x,) - Z j- dL, J- dL,... j, dLy eXp(_ Z u(L,— Lﬂ)

N=0J0 0 0 Isi<jsN
N

‘ z(L;) (L, — x,)
=1 j=1

j=
J#i
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2: < L L\'—l
PRl § o[ arven(- 3 weew)
0

8z(x,) 8z(x;)  ~NZo 0 l<i<jsN

N N N
X Z 8(L;—x,) Z H Z(Lj) 8(L;,—x;)
=1 =1 j=1
#Ei jEijori

etc, and in general

85 E(L, 2(x)} _E{L, z(x)} (s x0)
[T, 8z(x) 1o, z0x) o0t

To test the accuracy of the approximation (6.2) and (6.3) I shall use it to calculate n,
and n, for arbitrary L and z(x) and the pressure for fixed L and constant z. For the
latter I have also obtained a power series in z which can be checked against the well
known result for the thermodynamic pressure.

BP for arbitrary values of L and z(x) is obtained by first solving for h(x) (which
should more precisely be written as h{x; L, z(x)}) in equation (6.3) and substituting
the result in (2.7) using (6.2). For the uniform case z(x) = z; using the expansion

(6.5)

oc

hix, L, z)= Z 2Vh(x; L, N)

N =0

gives

o L
Y zVh(x; L, N)=zexp(j deh(t; L, 0)f(x—r)>

N=0 0

X[;;(L dth(t;L,l)f(x—t))le

~ 2k L k
xl:ZZ—<J dth(t;L,z)f(x—t)) ]x
k=0 k! 0

Equating coefficients of powers of z gives h(x; L,0)=0, h(x; L,1)=1 and

L
hix; L,2)=J def(x—1)
0

h(x;L,3)='[ dtf(x—t)J‘ dsf(t—s)+%<J‘ dtf(x—t)).

Hence for the uniform system

e

BP(L)=} b¥z'

i=

where

L
b¥=1 b§‘=J def(t—1L)
0

and

b;"=%<J’ dsf(L—s)) +J‘ dt‘[ dsf(t—s)f(t—L) (6.6)
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from which it follows that b¥ = b,, b¥ =2 but b¥ # b, etc, where b, are the exact values
which occur in the series

Considering next the correlation functions it is straightforward to obtain from (6.2),
(6.3) and (6.5) closed equations for the correlation functions for any number of particles.

Functional Taylor expansions of these WRT z(x) would show how these results
compare with other approximations and the formally exact theory given by Stell [11]:

SF{L, z(x)}

nl(x1)=z(x1)—T(x)—~—z(x1)‘|’O dt<1—J‘0 dsh(s)f(t—s))ml(t, x;) (6.7)

where

Sh{t; L,
my(t, x,) :_%_ZEC_Z)_(X_&

can be obtained from an integral equation found by differentiating (6.3)

L

S(x—x;)=m(x, x,)%((-%—z(x) J -dsf(x—s)m,(s, xp). (6.8)

0
From (6.5) using F =1n = I obtain

82 F{L, z(x)}

nz(xl,x3)=2(xl)z(x2)52(x ) 52(_x )

+n,(x,)n(xy) (6.9)
8°F{L, z(x)}
8z(x,) Sz(xz)_

X {m (s, x2)m (8, x;)+ h(s)my(1, x, , x;)}] (6.10)

where ma(1, x;, x;) satisfies the following equation obtained by differentiating (6.8):

L L
J' dt[mz(t’xl,xz)_J dsf(t-s)
0 0

z0) mxx) o mi(xx) |
hx) | ) O TR T T Hmie )

O= mZ(x) X1, x2)

L L
—8(x —x3) J dsf(x—s)m(s, x;) — z(x) f ds f(x —s)my(s, x;, x3).
(] 0
(6.11)

The density n,(x,) is defined by equations (6.7) and (6.8) and n,(x,, x,) is defined by
(6.9), (6.10) and (6.11). Suppose that the system is uniform, i.e. z(x)=z and z is
independent of L, then for small systems with nearly hard core potentials packing will
force n,(x), and presumably the other functions defined above, to be oscillating with
period of the order of the range of the pair potential at high densities. However,
provided L is large compared with the range of the pair potential it is reasonable to
assume that h(x,), n,(x,), ns(x,, x), m(¢, x,), my(t, x,, x,) are all translation invariant
(provided 0« x;, x,, 1« L). Leff and Coopersmith [12] have shown that this holds
rigorously for n;, 1<j< N for the canonical ensemble with finite N and L provided
that the pair potential is zero beyond some range R, L>2(N —j)R and (N ~j)R<x, <
L— (N —j)R; hence the above functions can be written as

h,ony, ny(x,—x,), my(t—=x,), my(t—x,, t —x,) (6.12)
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respectively. From their definitions m, and n, are symmetric with respect to exchange
of x, and x, . Also f(x)=f(—x) and I shall assume that under these conditions nm,
is symmetric and m, and m, decay quickly enough for their Fourier transforms to
exist. Under these assumptions an asymptotic analysis of BP and the correlation
functions is possible whict gives simple results.

Replacing h{x; L, z(x)} in (6.3) by h(L, z) gives

z=h(L, z) exp(~Jh(L, 2))
where
L
J=J dsf(x—s) (6.13)
0

and J is almost independent of x when 0« x « L. Hence it follows that h = h(z) only;
and since z >0, assuming that J <0, the solution of

h(z) =z explJh(z}] (6.14)

is unique and positive. Under these conditions equation (6.2) gives F(L,z)=
h(z)L(1—Jh(z)/2) and hence

BP=h(1-Jh/2). (6.15)
The series expansion derived from this is
BP=z+3220+322 0 43P+ ..
the first two terms of which are the exact values and they agree with results for finite
systems found earlier.
Under the above assumptions the correlation functions can be obtained from

equations (6.7)-(6.11) which can then be greatly simplified. Equation (6.8) gives the
following:

L
S(x—x,)= ml(x—xl)i—z J dsf(x—s)m,(s—x,).
0

The singular part of m, can be separated out by writing
mi{x—x,)=mf(x-x,)+A8(x—x,) (6.16)

where m{ is continuous. Substituting this and choosing h = Az to cancel the singular
terms gives the following:

L
O=£m’,“(x—x1)—-z'[ dsf(x—s)ym¥(s—x,).
0

Fourier transforming this gives

hf (k)

myk)=——"————
B 21/ h = (k)

and hence

. hJ

0)=———

m;(0) Z(Uh=T) (6.17)
where f(O) =J and the Fourier transform is defined by

F(k) =j dx exp(ikx)f(x).
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Using these results (6.7) gives the simple result n, = h; hence the equation of state is
given by
BP=n,—4Jn}. (6.18)

For the pair correlation function n, equation (6.11) gives, using assumptions (6.12),

z z 1
0=my(y,, h);_mT(}’l)mT(}’z)F“mT(J’z) 5()’1)71‘

L h
-8(»2) J dsf(x—s)ym¥(s—x+y,)—8(y,)f(»)

. 2
L
—zJ dsf(x—s)ym¥(s+y,—x,s+y,—x)
0]

where y,=x—x, and y,=x —x,.
By introducing m(y,, y;) = my(y,, y») with y; =y, ~y, this can be simplified to

1
m(y,, y;) = mT(Yl)mT()’ﬁ'}’s)"‘;mT()’] +y3) 8(y1)

S| =

L-x

1
+;m?“(y1) 8(yi+ys)+h J dsf(=s)m(s+y,, y3).

-X

By Fourier transforming this equation WrT y, and solving for m this yields

o

. 1 1 :
m(k, y3) = m(; Lc dy, exp(iky ym{(y )m¥(y,+ys)

1
+;(m?‘(y3)+exp(—ikys)m’f(ya))).

In this work I shall only need the result for k =0 which is

(A/R)ymt * m¥(ys) +(2/ 2)m¥(ys)
1-hJ

m(0, y;) = (6.19)

where * is the convolution operation. Equations (6.9) and (6.10) with assumptions
(6.12) yield

L L
"z(y)=h2+zz<ﬁ(0,Y)‘J dtj dsf(t=s)m¥(s —x;)m{(t - x,)
0 0

L

_SJ dtf(t—xz)mT(t—xl)—gJ’ dsf(x, = s)m¥(s - x,)

4]
h2 L L
—?f(xl—xz)—hj' dtj dsf(t—s)m(t—x,,y)).
0 0
Introducing the radial distribution function g(x) by ny(y)=nig(y) gives

2 1 2 2
800 =5+ mtG)+2mt )=t mt g0 -2t 500 -2 ) 1.
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Taking the Fourier transform of this equation and using (6.17) yields the surprisingly
simple result

c(x)=f(x) (6.20)

where ¢(x) is the direct correlation function which is defined by the Ornstein-Zernike
relation

g(x)—1=c(x)+n(g~-1)*c(x). (6.21)

7. Summary and conclusions

This work shows clearly that from F{L, z(x)} it is possible, in principle, to derive all
the thermodynamic functions and the correlation functions for any number of particles.
The only approximation that has been made for the finite system is the first-order
expansion of the term in the exponential of equation (3.2). It is hoped that it will be
possible to systematically improve on this approximation by taking higher terms into
account by expressing (3.2) as a system of constant coefficient linear functional
differential equations. Simple results were obtained for the thermodynamics and the
correlation functions for the system in the thermodynamic limit. In order to calculate
g(x) from any proposed model pair potential (which may be given numerically) it is
only necessary to use (6.20) and the Fourier transform of (6.21). To calculate the
pressure only requires the integral J to be found. Then BP is given in terms of h from
(6.15) which satisfies a transcendental equation (6.14). This is to be compared with
the existing approximation schemes which often require numerical iteration of integral
equations. [ believe that this fact, together with series expansion results stated here,
will make this approximation (and its generalisations) useful in many applications of
statistical mechanics despite the act that it is probably less accurate than some existing
approximations at high densities. I also think that a systematic evaluation of the
usefulness of the method can only be made after much subsequent work has been
published.

The assumptions concerning large uniform systems need careful consideration. A
thorough account would attempt to justify them with rigorous mathematical argument
rather than introduce them as additional assumptions. I am not able to do this yet
and I think it only makes sense to do so within the thermodynamic limit of an exact
mathematical treatment.

On the purely mathematical side I have given the general method of solution of a
non-linear first-order functional differential equation and I have applied the method
to a subset of these equations for which the solution can be given explicitly in terms
of the solution of a non-linear integral equation. This solution is a generalisation of
the solution needed for this work and it may be useful in other fields.
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